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Topography- and topology-driven spreading of non-Newtonian power-law liquids on a
flat and a spherical substrate
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The spreading of a cap-shaped spherical droplet of non-Newtonian power-law liquids on a flat and
a spherical rough and textured substrate is theoretically studied in the capillary-controlled spreading
regime. A droplet whose scale is much larger than that of the roughness of substrate is considered.
The equilibrium contact angle on a rough substrate is modeled by the Wenzel and the Cassie-Baxter
model. Only the viscous energy dissipation within the droplet volume is considered, and that within
the texture of substrate by imbibition is neglected. Then, the energy balance approach is adopted
to derive the evolution equation of the contact angle. When the equilibrium contact angle vanishes,
the relaxation of dynamic contact angle θ of a droplet obeys a power law decay θ ∼ t−α except for
the Newtonian and the non-Newtonian shear-thinning liquid of the Wenzel model on a spherical
substrate. The spreading exponent α of the non-Newtonian shear-thickening liquid of the Wenzel
model on a spherical substrate is larger than others. The relaxation of the Newtonian liquid of
the Wenzel model on a spherical substrate is even faster showing the exponential relaxation. The
relaxation of the non-Newtonian shear-thinning liquid of Wenzel model on a spherical substrate is
fastest and finishes within a finite time. Thus, the topography (roughness) and the topology (flat
to spherical) of substrate accelerate the spreading of droplet.
PACS numbers: 68.08.Bc
I. INTRODUCTION
The spreading of a liquid droplet on a solid substrate
has been studied for many years, because it plays funda-
mental roles in many natural phenomena and industrial
applications [1–3]. Even though the spreading of a liquid
droplet on a solid substrate is a complicated phenomena
where many factors come into play, the time evolution
of spreading on a flat [1, 2, 4–9] as well as on a spheri-
cal [10, 11] solid substrate is usually described by amaz-
ingly simple universal power laws. The most well-known
law called Tanner’s law describes the spreading of a small
non-volatile droplet of Newtonian liquids on a completely
wettable flat smooth substrate. This law has been de-
rived theoretically from several different approaches [5–7]
and confirmed experimentally [6, 12, 13]. However, most
of theoretical as well as experimental works are confined
to the spreading on a smooth substrate.
The wetting of an artificially or a naturally rough and
textured substrate [14, 15] is different from the wetting
of smooth substrates. Usually, the wetting of rough
substrates is modeled by two macroscopic models called
Wenzel model [16] and Cassie-Baxter model [17]. These
models predict that the equilibrium contact angle is not
given by the Young’s [18] formula from the composition
of the substrate and the liquid, but is modified by the
roughness of the substrate [16, 17]. Although the va-
lidity of the Wenzel model and the Cassie-Baxter model
was questioned [19–21], they are still applicable to real
wetting within a limited condition [19].
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In the present study, we integrate our knowledge of
the spreading of Newtonian [1–3, 10] as well as non-
Newtonian [11, 22–25] liquid droplets on a smooth sub-
strate, and consider the spreading on a flat and a spher-
ical rough substrate. In particular, we pay attention
to the spreading towards the complete wetting state of
zero contact angle. The complete wetting can be real-
ized by an incompletely wettable substrate with non-zero
Young’s contact angle by the roughness in the Wenzel
model [16, 26–29], which has been attracted much atten-
tion as the super-wetting, super-spreading and antifog-
ging materials [26, 29–33].
More specifically, we consider the problem of spread-
ing of a cap-shaped spherical droplet of non-volatile non-
Newtonian liquids gently placed on the top of a flat and
of a spherical rough substrate using the energy-balance
approach [1, 2, 7] which can be easily extended to non-
Newtonian liquid [23, 25] and to spherical geometry [11].
The problem of spreading on a flat rough substrate using
the Wenzel model has already been considered theoret-
ically and has been tested experimentally by McHale et
al. [34, 35]. They termed the spreading of a droplet de-
scribed by the Wenzel model on a flat rough substrate to-
pography driven spreading because the complete wetting
is achieved by the topography (roughness) of the sub-
strate. However, they studied only Newtonian liquids.
Later, Singh and Dandapat [36] studied the same prob-
lem for non-Newtonian liquids including the line tension
effect. Those previous works [34–36], however, studied
the problem of spreading only on a flat substrate.
Here, we consider the same problem of spreading of
a non-Newtonian liquid droplet not only on a flat but
also on a spherical rough substrate. Then, the spread-
ing will be affected not only by the topography (rough-
2ness) but also by the (flat and spherical) topology of
the substrates. Therefore, we study the topography and
topology driven spreading using the energy-balance ap-
proach [1, 2, 7, 11, 25, 35, 36]. We assume that the rough-
ness is mild and the size of roughness is much smaller
than the droplet size so that the liquid volume invading
into the texture of the substrate is negligible. We further
assume that the energy dissipation due to the imbibi-
tion [37–39] within the texture of substrate is negligible.
Hence, the roughness of the substrate affects only the
driving force (capillary force) of spreading through the
equilibrium contact angle that is modified by the rough-
ness.
This paper is organized as follows. In Sec. II, we sum-
marize the essence of the Wenzel [16] and the Cassie-
Baxter [17] model of wetting on rough substrate. In Sec.
III, we present main results of topography and topology
driven and enhanced spreading, in particular, the scaling
laws of spreading on a flat and a spherical rough sub-
strate. Finally, in Sec. IV, we conclude by emphasizing
the most important implication of our results.
II. EQUILIBRIUM CONTACT ANGLE OF
WENZEL AND CASSIE DROPLETS
When the substrate is rough and textured, the liquid
of droplet invades the texture and completely wets the
inside of the substrate beneath the droplet (Fig. 1(a)).
This model is called Wenzel model, and the equilibrium
contact angle θe is given by the Wenzel formula θe = θW
defined by [16, 28]
cos θW = rs cos θY, (1)
with the roughness of the substrate rs defined by [35]
rs =
∆Awetted
∆Ap
, (2)
where ∆Awetted is a small change in wetted area that is
sampled by the advanced three-phase contact line and
∆Ap is the planar projection of that change. Strictly
speaking, the roughness rs depends on the position of
contact line [21, 35]. However, we will consider a large
droplet whose scale is much larger than the scale of
roughness so that the roughness rs can be regarded as
uniform and constant. The substrate composition and
liquid is characterized by the Young’s contact angle θY,
which is related to the liquid-vapor (LV), liquid-solid
(LS), and solid-vapor (SV) interface energies σLV, σLS,
and σSV through
cos θY =
σSL − σSV
σLV
. (3)
We will call the droplet whose contact angle is dictated
by the Wenzel formula in Eq. (1) ”Wenzel droplet” in
this paper.
(a)
(a)
(b)
(c)
FIG. 1. (a) The Wenzel droplet which invades the roughness
of the substrate underneath the contact base of the droplet.
(b) The hemi-wicked state where the liquid completely invade
the texture of the substrate, and the droplet volume above the
substrate disappears. (c) The Cassie droplet, which spreads
on the composite substrate composed of the solid substrate
and the liquid precursor film ahead of the contact line of the
droplet.
Equation (1) suggests that an incompletely wettable
substrate with θY < 90
◦ shows a lower equilibrium con-
tact angle than the Young’s contact angle θW < θY since
rs > 1. The roughness improves the wettablility (hy-
drophilicity) of the substrate, and the equilibrium con-
tact angle can be as small as θW = 0
◦. Then, the sub-
strate becomes completely wettable (superhydrophilic)
when
rs >
1
cos θY
. (4)
Therefore, the topography (roughness) driven complete
wetting (θW = 0
◦) super-hydrophilic substrate can be
manufactured [29] using an incompletely wettable mate-
rials with θY > 0
◦ when Eq. (4) is satisfied. In this paper,
we will use the terminology ”wettable”, ”hydrophilic”,
and ”hydrophobic” interchangeably though the liquid is
not necessarily water.
A complete invasion of liquid into the texture of sub-
strate called hemi-wicking [27, 28] (Fig. 1(b)) is thermo-
dynamically stabler than the Wenzel model when
θY < θc, (5)
where
cos θc =
1− φs
rs − φs . (6)
3The fraction φs < 1 is defined through
φs =
∆Anon−wetted
∆Ap
, (7)
where ∆Anon−wetted is a small increase in flat-top dry
area (Fig. 1(b)) that is sampled by the advanced three-
phase contact line. Then, the condition of hemi-wicked
state given by Eq. (5) is also written as
φs >
1− cos θW
1− cos θY . (8)
Therefore, a sufficient amount of dry surface area which
is exposed to the vapor phase is necessary for hemi-
wicking (complete imbibition) to occur. For a topog-
raphy driven complete wetting (superhydrophilic) sub-
strate with θW = 0
◦, the hemi-wicking condition Eq. (8)
becomes φs > 0. Then, the hemi-wicked state is always
stabler than the Wenzel state.
Note that the complete wetting state with θ = 0◦ is
different from the hemi-wicked state. In the former case,
the flat-top area of the rough substrate is covered by a
thin layer of wetting film. By contrast, the flat-top area
remains dry in the hemi-wicked state. Therefore, thin
wetting film spreads over the whole area of completely
wettable rough substrate as the contact angle approaches
zero (θ → 0◦). In this limit of thin film, the spreading
and the imbibition cannot be separated and the liquid
volume invading into the texture cannot be neglected.
We will not consider this thin-film limit, but will focus on
the spreading process towards the complete wetting state
when the liquid volume in the texture is still negligible.
When the condition given by Eq. (5) is satisfied, the
droplet spreading and the hemi-wicking can occur si-
multaneously. In such a case, the droplet spread on a
substrate whose roughness is already filled by the liq-
uid precursor film [40] because the time (t) scale of im-
bibition [41]
√
t would be faster than the time scale of
spreading. Then, the droplet spreads on a composite sub-
strate made by the solid and the precursor liquid ahead of
the spreading front (Fig. 1(c)). The equilibrium contact
angle θe is given by the so-called Cassie-Baxter formula
(θe = θCB) [27, 28, 35]:
cos θCB = φs cos θY + (1− φs) . (9)
We will call this droplet whose equilibrium contact angle
is determined from the Cassie-Baxter formula in Eq. (9)
”Cassie” droplet.
In Fig. 2, we show the cosine of the equilibrium con-
tact angle cos θW of the Wenzel droplet and cos θCB of
the Cassie droplet versus the cosine of the Young’s con-
tact angle cos θY when rs = 1.6, and φs = 0.3 and 0.7.
The complete wetting (superhydrophilic) state (θW = 0
◦
and cos θW = 1) appears in the Wenzel state when
cos θY > 1/rs = 0.625. However, Equation (5) suggests
that this completely wettable Wenzel state may not be
realized. Rather, the Cassie state may appear [27, 28].
This scenario is consistent to the beautiful experiment
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FIG. 2. The cosine of the equilibrium contact angle cos θW
(θe = θW) of the Wenzel droplet with rs = 1.6 and cos θCB
(θe = θCB) of the Cassie droplet with φs = 0.3 and φs = 0.7
calculated from Eqs. (1) and (9) as a function of the cosine
of Young’s contact angle cos θY. The Cassie droplet will be
more stable than Wenzel droplet when cos θY > cos θc.
by Shibuich et al. [26]. In the Wenzel state, the sub-
strate becomes more hydrophilic (cos θW > cos θY > 0)
when θY < 90
◦, and it becomes more hydrophobic
(cos θW < cos θY < 0) when θY > 90
◦.
For the Cassie droplet on a hemi-wicked substrate
(Fig. 2), the complete wetting (superhydrophilic) state
(θCB = 0
◦) appears only when the composition of the
substrate and liquid is also completely wettable (θY =
0◦). However, the substrate becomes more wettable over-
all (cos θCB > cos θY) by the roughness. In fact, even a
hydrophobic substrate with cos θY < 0 turns to a hy-
drophilic substrate (cos θCB > 0) when φs < 0.5 (Fig. 2).
Then, the substrate is always hydrophilic irrespective of
the material used for the substrate and the liquid.
It is possible to consider a mixed wetting state which
is intermediate between Wenzel state and Cassie-Baxter
state [42, 43], whose equilibrium contact angle θmix is
given by
cos θmix = rff cos θY + f − 1, (10)
where f is the fraction of the projected area of the solid
surface that is wetted by the liquid, and rf is the rough-
ness ratio of the wet area. When f = 1 and rf = rs,
Eq. (10) becomes Eq. (1) of the Wenzel state. This mixed
wetting state has been discussed in detail by Marmur [42].
But, we will only consider the Wenzel state in Eq. (1)
and the Cassie penetrating (impregnating) state [15] in
Eq. (9).
4III. SPREADING LAW OF NON-NEWTONIAN
LIQUIDS ON A FLAT AND A SPHERICAL
ROUGH SUBSTRATE
In the following, we will consider the spreading of a
cap-shaped spherical droplet of non-Newtonian liquids
on a flat [25] and a spherical substrate [11] using these
Wenzel and Cassie droplet models. We assume that the
droplet volume is sufficiently large so that the liquid vol-
ume invading into the substrate is negligible. To make
our discussion as general as possible, we consider non-
Newtonian power-law liquids [11, 22–25]. The apparent
viscosity µ depends on the shear rate γ˙ through
µ = κγ˙n−1, (11)
where κ is a consistency coefficient [22, 25]. The power-
law exponent n characterizes the non-Newtonian liquids.
When n > 1, the liquid is called shear thickening. When
n < 1, it is called shear shinning. The usual Newtonian
liquids correspond to n = 1.
A. Spreading on a planar rough substrate
A droplet placed gently on a solid substrate spreads
until its dynamic contact angle θ reaches the stable equi-
librium value θe, which is given either by θW defined
by Eq. (1) or θCB defined by Eq. (9) on a rough sub-
strate. The driving force fL for this spreading is the
out-of-balance component of the capillary force parallel
to the surface acting along the contact line L, and is given
by
fL = σLV (cos θe − cos θ)− τ
a
, (12)
where a is the base radius (Fig. 3), and τ is the line
tension [44]. Because the nature of the line tension on
rough substrates is largely unknown, and its inclusion
in Eq. (12) would be highly debatable, we will neglect
the last term of line tension contribution in Eq. (12).
Also, since we consider a macroscopic droplet much larger
than the scale of roughness, we can safely neglect the line
tension in the following discussions as the line tension
is believed to become important only for a nano-scale
droplet [45, 46].
Since we neglect the liquid volume invading into the
rough substrate, we consider only the viscous dissipa-
tion Σ˙drop within the cap-shaped spherical droplet, which
can be approximated by the viscous dissipation within
the cone-shaped droplet with a wedge-shaped meniscus
shown in Fig. 3(b). The result for the cone-shaped
droplet is given by [25]
Σ˙drop = 2pik
(
8n+ 4
3n
)n
a2−n
κUn+1
θn
, (13)
where U is the spreading velocity and the pre-factor k
depends on the cut-off length of the wedge-shaped menis-
cus.
θ
(a)
a
a
θ
(b)
r
σLV
σSLσSV
FIG. 3. (a) A droplet on a flat substrate spreading toward
the complete-wetting state. The base radius a and the three-
phase contact line expand towards infinity. (b) The cone-
shaped model of spreading droplet on a flat substrate. The
meniscus is approximated by a wedge.
Since Eq. (13) is based on the wedge approxima-
tion [25], its validity might be questionable when the
dynamic contact angle θ approaches 0◦ and the droplet
becomes flat. Then, the droplet near the contact line
looks more like a thin film or a slab rather than a wedge.
However, an equation similar to Eq. (13) can be derived
by simplifying a spherical droplet by a thin film or a
disk [2, 8, 12] instead of a cone for the Newtonian liq-
uids. Therefore, Eq. (13) for the non-Newtonian liquids
would be applicable as well, even when the contact angle
θ approaches 0◦.
The energy-balance condition at the contact line with
radius a
2piafLU = Σ˙drop (14)
is given by
θn (cos θe − cos θ) = k
(
8n+ 4
3n
)n
a1−n
κUn
σLV
. (15)
This energy-balance approach in Eq. (14) is valid only
when the spreading velocity U is low and the viscous
length scale is larger than other length scales [3] so that
the inertial effect can be neglected. The base radius a is
related to the droplet volume V0 through
V0 =
pi
4
θa3, (16)
for a spherical-cap droplet with a small contact angle θ
on a flat substrate. Then the energy-balance condition
5in Eq. (15) is written as
θ
2n+1
3 (cos θe − cos θ)
= 2
4n+2
3 k
(
2n+ 1
3n
)n(
V0
pi
) 1−n
3 κUn
σLV
, (17)
which reduces to the universal law [4–6, 8]
θ3 ∝ Ca, (18)
for the complete-wetting (θe = θY = 0
◦) Newtonian liq-
uids (n = 1) on a smooth surface, where Ca = κU/σLV
is the capillary number.
Since the equilibrium contact angle θe is given either by
θW in Eq. (1) for the Wenzel droplet or by θCB in Eq. (9)
for the Cassie droplet, the driving force in Eq. (12) for
the Cassie droplet is given by
fL = σLV [φs cos θY + (1− φs)− cos θ] . (19)
Then, Eq. (17) is further simplified to
1
2
θ
2n+1
3
(
θ2 − φsθ2Y
)
= 2
4n+2
3 k
(
2n+ 1
3n
)n(
V0
pi
) 1−n
3 κUn
σLV
, (20)
for the Cassie droplet when the dynamic contact angle θ
and the Young’s contact angle θY are small. The com-
plete wetting state is achieved only when θY = 0
◦ for the
Cassei droplet, and Eq. (20) reduces to
θ
2n+7
3 ∝ Un, (21)
which is the same [22, 25] as that derived for a droplet
on a smooth flat substrate. Equation (21) also reduces
to Eq. (18) for Newtonian liquids when n = 1.
By contrast, the driving force for the Wenzel droplet
is given by
fL = σLV (rs cos θY − cos θ) , (22)
and Eq. (17) is simplified to
θ
2n+1
3
[
(rs cos θY − 1) + 1
2
θ2
]
= 2
4n+2
3 k
(
2n+ 1
3n
)n(
V0
pi
) 1−n
3 κUn
σLV
, (23)
when the dynamic contact angle θ becomes small. In this
case, the complete wetting state θW = 0
◦ is possible even
when θY > 0
◦ as long as Eq. (4) is satisfied. Although
this Wenzel complete wetting state with θY > 0
◦ is ther-
modynamically less stable and the Cassie droplet state
would appear, we will continue to consider the situation
when θW = 0
◦ and θY ≥ 0◦ to make our discussion more
general.
Then, Eq. (23) for the Wenzel droplet reduces to
θ
2n+1
3 ∝ Un, (24)
which further reduces to
θ ∝ Ca, (25)
for Newtonian liquids with n = 1, which is different
from Eq. (18) for the Cassie droplet and the free droplet
on a smooth substrate [4–6, 8]. Equation (24) for the
Wenzel droplet is also different from Eq. (21) for the
Cassie droplet. Therefore, the scaling laws for the Wen-
zel droplet will be different from those for the Cassie
droplet. Since the driving force of spreading in Eq. (22)
becomes constant fL ∝ (rs cos θY − 1) for the Wenzel
droplet when θ → 0◦ while the spreading force for the
Cassie droplet in Eq. (19) vanishes when θY = 0
◦ and
θ → 0◦, the Wenzel droplet is always accelerated and
spreads faster than the Cassie droplet. These facts were
already pointed out on a flat rough substrate by McGraw
et al. [34, 35] for the Newtonian liquids with n = 1.
On a completely wettable substrate with θY = 0
◦, the
evolution equation Eq. (20) for the Cassie droplet be-
comes the same as that for the free droplet on a com-
pletely wettable smooth substrate [25]. Since the spread-
ing velocity is given by
U =
da
dt
= − 4
1
3
3θ
4
3
(
V0
pi
) 1
3 dθ
dt
, (26)
from Eq. (16), the evolution equation (20) can be trans-
formed into
1
2
θ
6n+7
3 =
(
−Γpθ˙
)n
, (27)
where θ˙ = dθ/dt, and
Γp =
2n+ 1
9n
[
2
6n+2
3 k
(
V0
pi
) 1
3 κ
σLV
] 1
n
(28)
determines the time scale of spreading on a flat sub-
strate. Note that the time scale Γp depends weakly on
the droplet volume V0.
Then, the solution of Eq. (27) is given by
θ = θ0
(
1 + θ
3n+7
3n
0
3n+ 7
3 · 2 1nn
t
Γp
)
−
3n
3n+7
, (29)
where θ0 is the contact angle at t = 0. Therefore, the
time evolution of the contact angle θ is asymptotically
given by
θ ∝
(
t
Γp
)
−
3n
3n+7
, (30)
and the base radius a expands according to
a ∝ θ− 13 ∝
(
t
Γp
) n
3n+7
, (31)
6and the spreading velocity U decelerates according to
U ∝ a˙ ∝
(
t
Γp
)
−
2n+7
3n+7
, (32)
which can also be derived directly from Eqs. (21) and
(30). Those results for the Cassie droplet are the same as
those for the free droplet on a flat smooth substrate [25].
We can recover the well-know Tanner’s law a ∝ t1/10 for
Newtonian liquids from Eq. (31) when n = 1.
On the other hand, the Wenzel droplet can completely
wet the substrate (θe = 0
◦) as far as Eq. (4) is satis-
fied even when θY > 0
◦. The evolution equation for the
Wenzel droplet given by Eq. (23) is transformed into
(rs cos θY − 1) θ
6n+1
3 =
(
−Γpθ˙
)n
(33)
instead of Eq. (27), where the factor (rs cos θY − 1) > 0
from Eq. (4) is the constant driving (capillary) force of
spreading. The solution of Eq. (33) is given by
θ = θ0
[
1 + θ
3n+1
3n
0 (r cos θY − 1)
1
n
3n+ 1
3n
t
Γp
]
−
3n
3n+1
,
(34)
which leads to the scaling laws
θ ∝
(
t
Γp
)
−
3n
3n+1
, (35)
and
a ∝
(
t
Γp
) n
3n+1
, (36)
and the spreading velocity decelerates according to
U ∝
(
t
Γp
)
−
2n+1
3n+1
. (37)
Note that Eq. (36) does not reduce to the Tanner’s law
a ∝ t1/10 when n = 1. Instead, Eq. (36) predicts much
faster spreading a ∝ t1/4 when n = 1. This topography
driven and enhanced spreading has already been pointed
out by McHale et al. [34, 35] and has been confirmed ex-
perimentally [34]. However, they studied only the New-
tonian liquid with n = 1 on a flat rough substrate.
In this paper, we are neglecting the energy dissipation
due to the imbibition within the texture of the substrate.
In fact, semi-quantitative estimation of this dissipation is
possible if the substrate has a periodic ordered structure
such as the artificial forest of micropillars [37, 39]. Sup-
pose the rough substrate is made from a periodic array
of pillars with radius b, height h and pitch (period) p on
a planar base, and the liquid is Newtonian. Then, there
are two dissipation channels within the texture of the
substrate. The first channel is due to the friction force
at the base of the forest F1 ∼ ηaU/h (per unit length)
[37], which gives the energy dissipation
Σ˙base = 2piaUF1 ∼ ηa
2U2
h
. (38)
The second channel is due to the friction by the pillars
F2 ∼ ηahU/p2 ln (p/b) ∼ ηahU/p2 (per unit length) [37,
47], which leads to
Σ˙pillar = 2piaUF2 ∼ ηa
2hU2
p2
. (39)
The former (Σ˙base) is dominant for short pillars (h ≪
p ≪ a), while the latter (Σ˙pillar) is dominant for tall
pillars (p≪ h≪ a).
The viscous dissipation within the droplet in Eq. (13)
is written as
Σ˙drop ∼ ηaU
2
θ
, (40)
for Newtonian liquids with n = 1. Then, the dissipation
at the base of the texture can be neglected when Σ˙drop ≫
Σ˙base for short pillars (h ≪ p ≪ a), which gives the
condition for the dynamic contact angle θ:
θ ≪ h
a
. (41)
This condition will be satisfied for the late stage of
spreading when θ → 0◦. Similarly, the dissipation by
the pillars of the texture can be neglected when Σ˙drop ≫
Σ˙pillar for tall pillars (p ≪ h ≪ a), which gives the con-
dition for the dynamic contact angle:
θ ≪
(p
a
)( p
h
)
(42)
This condition is slightly more stringent than Eq. (41).
In these cases when Eq. (41) or (42) is satisfied, we can
safely neglect the energy dissipation within the texture
of the substrate by imbibition. Although, this discussion
is based on the formulas for Newtonian liquids, a similar
condition is expected for non-Newtonian liquids as the
viscosity in Σ˙drop, Σ˙base and Σ˙pillar will be canceled out.
B. Spreading on a spherical rough substrate
To study the spreading on a spherical rough substrate,
we concentrate on the late-stage of spreading shown in
Fig. 4(a). We model the spreading of the three-phase
contact line of cap-shaped droplet with radius r towards
the south pole S of the spherical substrate with radius R
as a shrinking crater on a flat substrate (Fig. 4(b)) [11].
We adopt the energy balance approach of hydrodynamic
model [1, 11, 25] again. Then the viscous energy dissipa-
tion is balanced by the work done by the driving capillary
force of spreading given by
fL = σLV (cos θe − cos θ)− τ
R tanφ
, (43)
for the droplet on a spherical rough substrate, where θe
is the equilibrium contact angle, φ is a half of the central
angle (Fig. 4(a)). Again, we will neglect the line tension
7τ in the following discussion. Then, the capillary force
on a spherical substrate in Eq. (43) becomes identical to
those on a flat substrate given by Eq. (19) for the Cassie
droplet and Eq. (22) for the Wenzel droplet.
R θ
σ LV
σ SL
σ SV
r
C
S
φ
θ
N
rL
(a)
θ
rL
rM
(b)
S
FIG. 4. (a) The late stage of spreading of a spherical cap-
shaped liquid droplet spreading from the north pole N to-
wards the south pole S of a convex spherical substrate. The
center of the droplet with radius r and that of the spherical
substrate with radius R are separated by a distance C. The
radius of the contact line is denoted by rL and the dynamic
contact angle is denoted by θ, which is related to the half
of the central angle φ. In the complete-wetting limit θ → 0◦
(φ→ 180◦), the contact line shrinks and approaches the south
pole S of the substrate. (b) The crater model of late stage of
spreading droplet on a spherical substrate [11]. The spreading
droplet is modeled by a shrinking crater with a wedge-shaped
meniscus, which is characterized by its length rM and the ra-
dius of the crater rL. The three-phase contact line shrinks
towards the south pole S of the substrate.
Since we neglect the liquid volume within the tex-
tured substrate, we will only consider the viscous dissipa-
tion Σ˙drop within the cap-shaped spherical droplet again.
Now, the spreading droplet on a spherical substrate can
be modeled by a shrinking crater with a wedge-shaped
meniscus as shown in Fig. 4(b). Then the viscous dissi-
pation Σ˙drop within the crater is given by [11]
Σ˙drop = 2piλ
(
2n+ 1
n
)n
κUn+1
θn
r2−nL , (44)
where rL = R sinφ is the radius of the three-phase con-
tact line. The coefficient λ is determined from the cut-off
length for rL and the length rM (Fig. 4(b)) of wedge [11].
The energy-balance condition at the contact line L
with radius rL
2pirLfLU = Σ˙drop (45)
is given by
θn (cos θe − cos θ) = λ
(
2n+ 1
n
)n
r1−nL
κUn
σLV
, (46)
which is similar to Eq. (15).
From the geometrical relation of a cap-shaped droplet
on a spherical substrate given by
tanφ =
r sin θ
R− r cos θ , (47)
we can obtain [11]
rL = R sinφ ≃ r0
r0 −RRθ, (48)
as θ → 0◦ where r0 is the droplet radius when it com-
pletely encloses the spherical substrate, and it is deter-
mined from the droplet volume V0 through
V0 =
4pi
3
(
r30 −R3
)
. (49)
Then, the energy-balance condition in Eq. (46) can be
written as
θ2n−1 (cos θe − cos θ) = λ
(
2n+ 1
n
)n(
r0
r0 −RR
)1−n
κUn
σLV
,
(50)
where the equilibrium contact angle θe is given either
by Eq. (1) for the Wenzel droplet or by Eq. (9) for the
Cassie droplet. The difference of exponent of θ in Eq. (50)
for a spherical substrate from that in Eq. (17) for a flat
substrate originates from the fact that the base radius of
droplet on a spherical substrate rL shrinks according to
rL ∝ θ from Eq. (48) while the base radius a on a flat
substrate expands according to a ∝ θ−1/3 from Eq. (16).
Therefore, this difference comes from the topology (flat
and spherical geometry).
When the equilibrium contact angle θe is given by the
Cassie-Baxter formula in Eq. (9) and the capillary force
for spreading is given by Eq. (19), Eq. (50) for the Cassie
droplet is further simplified to
1
2
θ2n−1
(
θ2 − φsθ2Y
)
= λ
(
2n+ 1
n
)n(
r0
r0 −RR
)1−n
κUn
σLV
,
(51)
when both θ and θY are small. Equation (51) leads to
the relationship between the dynamic contact angle θ and
the spreading velocity U given by
θ2n+1 ∝ Un, (52)
for the complete wetting (θY = 0
◦) substrate. This for-
mula for the Cassie droplet is similar to those derived
for the Cassie and the free droplet on a flat smooth sub-
strate [22, 25] given in Eq. (21), though the exponent is
different. This difference originates from the difference
of Eq. (50) and Eq. (17), which comes from the topology
of the substrate. All those results [22, 25], including our
8Eq. (52) reduce to the universal law given by Eq. (18) for
the Newtonian liquids (n = 1).
When the equilibrium contact angle is given by the
Wenzel formula in Eq. (1), the capillary force is given by
Eq. (22), and Eq. (50) for the Wenzel droplet is further
simplified to
θ2n−1
[
rs cos θY − 1 + 1
2
θ2
]
= λ
(
2n+ 1
n
)n(
r0
r0 −RR
)1−n
κUn
σLV
. (53)
This relationship between the dynamic contact angle θ
and the spreading velocity U given by
θ2n−1 ∝ Un, (54)
for a complete wetting substrate characterized by Eq. (4)
is different from that derived for the free droplet on a
spherical smooth substrate [11]. Equation (54) reduces to
Eq. (25) for the droplet on a flat substrate when the liquid
is Newtonian (n = 1). Since Equation (54) is different
from Eq. (24), the scaling laws for the Wenzel droplet
will be different from those for the Cassie droplets not
only on a flat but also on a spherical substrate.
When the contact angle θ is low, the spreading velocity
U on a spherical substrate is given by [11]
U =
d
dt
Rφ = − r0
r0 −RRθ˙ (55)
from Eq. (48), where θ˙ < 0. Again, Equation (55) is
different from Eq. (26) by the difference of the (flat and
spherical) topology of the substrate. Then, Eq. (51) for
the Cassie droplet is written as
1
2
θ2n+1 =
(
−Γsθ˙
)n
, (56)
with
Γs =
[
λ
(
r0
r0 −R
)
κ
σLV
] 1
n
(
2n+ 1
n
)
R
1
n , (57)
which determines the time scale of spreading on a com-
pletely wettable spherical substrate (θY = 0
◦). Note that
the time scale Γs depends on the power exponent n, the
radius of the substrateR and the volume of the droplet V0
through r0, and, in particular, Γs is proportional to R
1/n
of the substrate Γs ∝ R1/n. The time evolution equation
in Eq. (56) and the time scale in Eq. (57) of spreading
on a spherical substrate is the same as that derived for
the free droplet on a spherical smooth substrates [11].
When the substrate is completely wettable (θY = 0
◦),
we can solve Eq. (56) in the limit θ → 0◦ and obtain the
time evolution of the contact angle of the Cassie droplet
which is the same as that on a smooth spherical sub-
strate [11]
θ = θ0
(
1 + θ
n+1
n
0
n+ 1
2
1
nn
(
t
Γs
))
−
n
n+1
, (58)
where θ0 is the contact angle at t = 0. Therefore, the
time evolution of the contact angle is asymptotically
given by
θ ∝
(
t
Γs
)
−
n
n+1
, (59)
and the radius rL of the contact circle shrinks according
to
rL ∝ θ ∝
(
t
Γs
)
−
n
n+1
, (60)
whose spreading velocity decelerates according to
U ∝ −θ˙ ∝
(
t
Γs
)
−
2n+1
n+1
, (61)
from Eq. (58) and (52). They are the same as those for
the free droplet on a spherical smooth substrate [11], but
are different from those for the Cassie droplet or the free
droplet on a smooth flat substrate [25] given by Eqs. (30)-
(32).
The evolution equation in Eq. (53) for the Wenzel
droplet is simplified to
θ2n−1 (rs cos θY − 1) =
(
−Γsθ˙
)n
, (62)
whose solutions are different for shear-thickening liquids
with n > 1, shear-thinning liquids with n < 1 and New-
tonian liquids with n = 1. For Newtonian liquids with
n = 1, Eq. (62) becomes
θ (rs cos θY − 1) =
(
−Γsθ˙
)
, (63)
whose solution is given by
θ = θ0 exp
[
− (rs cos θY − 1)
(
t
Γs
)]
. (64)
Therefore, all physical quantities decay exponentially as
θ ∝ rL ∝ U ∝ exp (−t/ts) , (65)
where
ts =
Γs
rs cos θY − 1 (66)
is the decay constant of the exponential relaxation.
The solution of Eq. (62) for shear-thickening liquids
with n > 1 is given by
θ = θ0
[
1 + θ
n−1
n
0
n− 1
n
(rs cos θY − 1)
1
n
(
t
Γs
)]
−
n
n−1
,
(67)
which gives the asymptotic scaling law for the contact
angle
θ ∝
(
t
Γs
)
−
n
n−1
, (68)
9and that for the contact line radius
rL ∝
(
t
Γs
)
−
n
n−1
. (69)
Then, the spreading velocity decelerates according to
U ∝
(
t
Γs
)
−
2n−1
n−1
. (70)
In contrast to the shear-thickening liquid with n > 1,
the spreading of the shear-thinning liquid with n < 1 is
faster and finishes within a finite time t0. The solution
of Eq. (62) is given by
θ =
[
1− n
n
(rs cos θY − 1)
1
n
] n
1−n
(
t0 − t
Γs
) n
1−n
, (71)
where the spreading time t0 can be related to the initial
contact angle θ0 at t = 0. Therefore, the contact angle
and the radius of the contact line vanish within a finite
time t0 according to
θ ∝
(
t0 − t
Γs
) n
1−n
, (72)
and
rL ∝
(
t0 − t
Γs
) n
1−n
, (73)
and the spreading velocity changes according to
U ∝
(
t0 − t
Γs
) 2n−1
1−n
. (74)
The spreading velocity U decelerates and approaches zero
when 1 > n > 1/2, and it accelerates and diverges as
t → t0 when n < 1/2. The spreading velocity U re-
mains constant up to the terminal time t0 when n = 1/2.
Thus, the shear-thinning liquid with n < 1 does not
follow the power-law scaling rule. Such an anomalous
asymptotic behavior has also been predicted on smooth
spherical substrates when the line tension plays a domi-
nant role [10, 11].
C. Scaling laws of topography and topology driven
spreading
In Table I, we summarize various spreading laws on a
flat and a spherical rough substrate derived in this paper.
The results for the Cassie droplet are the same as those
for the free droplet on a smooth substrate. Therefore,
the results for the Cassie droplet reduce to the Tanner’s
law [6] for Newtonian liquids when n = 1. Most notably,
the spreading of the Wenzel droplet of shear-thinning liq-
uids with n < 1 on a spherical rough substrate is the
fastest. In fact, the spreading finishes within a finite
time. Almost the same fast spreading is predicted on a
smooth spherical substrate when the spreading is driven
by the line tension [11]. On a spherical substrate, the
contact line shrinks as the spreading proceeds, and the
positive line tension accelerate the spreading toward the
complete wetting [10, 11]. Even without the line tension,
the roughness of substrate always provides capillary driv-
ing force in Eq. (22) for the Wenzel droplet and acceler-
ates the spreading, which was already noted by McHale
et al. [34, 35]. On a spherical substrate, this topography
driven spreading [34] is further enhanced by the difference
of topology of the substrate, which leads to the topogra-
phy and topology driven spreading. So, the topography
and the topology synergetically accelerate the spreading
toward the complete wetting state on a spherical rough
substrate.
TABLE I. Various spreading laws on a flat and a spherical
substrate
Flat substrate Spherical substrate
Cassie Wenzel Cassie Wenzel
Un θ
2n+7
3 θ
2n+1
3 θ2n+1 θ2n−1
θ t−
3n
3n+7 t−
3n
3n+1 t−
n
n+1 t−
n
n−1 (n > 1)
exp (−t/ts) (n = 1)
(t0 − t)
n
1−n (n < 1)
a, rL t
n
3n+7 t
n
3n+1 t−
n
n+1 t−
n
n−1 (n > 1)
exp (−t/ts) (n = 1)
(t0 − t)
n
1−n (n < 1)
U t−
2n+7
3n+7 t−
2n+1
3n+1 t−
2n+1
n+1 t−
2n−1
n−1 (n > 1)
exp (−t/ts) (n = 1)
(t0 − t)
2n−1
1−n (n < 1)
In Fig. 5, we compare the spreading exponent α of the
dynamic contact angle defined by
θ ∝ t−α (75)
for the Cassie and the Wenzel droplet on a flat
and a spherical rough substrate except for the shear-
thinning (n < 1) Wenzel droplet on a spherical sub-
strate. They are given by αflat(Cassie) = 3n/ (3n+ 7),
αflat(Wenzel) = 3n/ (3n+ 1), αsphere(Cassie) = n/ (n+ 1),
and αsphere(Wenzel) = n/ (n− 1) as functions of the
power-law exponent n. Generally, the following inequal-
ity
αsphere(Wenzel) > αflat(Wenzel) > αsphere(Cassie) > αflat(Cassie),
(76)
holds for the same power-law exponent n. The spread-
ing of a Wenzel droplet is faster than that of a Cassie
droplet on the same type of substrate (αsphere(Wenzel) >
αsphere(Cassie) and αflat(Wenzel) > αflat(Cassie)). The
spreading on a spherical substrate is faster than that
on a flat substrate for the same type of droplet
(αsphere(Wenzel) > αflat(Wenzel) and αsphere(Cassie) >
αflat(Cassie)), which is due to the efficiency of energy-
dissipation. In fact, the radius of the contact line rL
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shrinks on a spherical substrate, while the radius a ex-
pands infinity on a flat substrate. Therefore, the energy
dissipation by viscosity is less effective on a flat substrate
than on a spherical substrate, which leads to a weaker
braking force on a flat substrate.
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FIG. 5. The spreading exponent α of the dynamic contact
angle θ ∝ t−α summarize in Tab. I for the Cassie and the
Wenzel droplet on a flat and a spherical rough substrates as a
function of the power-law exponent n of non-Newtonian liq-
uids. The evolution of the Wenzel droplet of non-Newtonian
shear-thinning liquids with n < 1 and that of Newtonian liq-
uids with n = 1 are not described by the power law relaxation.
The spreading exponent α of the Cassie and the Wen-
zel droplet on a flat substrate, and that of the Cassie
droplet on a spherical substrate are increasing functions
of the power-law exponent n. In contrast, the spreading
exponent of the Wenzel droplet of shear thickening liq-
uids with n > 1 is a decreasing function. Furthermore,
it diverges as n → 1+. Therefore, the spreading of the
Wenzel droplet with n > 1 on a spherical substrate is
much faster than the others.
The spreading of the Wenzel droplet of Newtonian
(n = 1) and non-Newtonian shear-thinning (n < 1) liq-
uids on a spherical substrate does not follow the power-
law relaxation (Table I). In contrast to the power-law
spreading, which is commonly observed in various New-
tonian (n = 1) [1, 6] as well as non-Newtonian (n 6= 1) liq-
uid droplets [10, 25], the spreading of the Wenzel droplet
of Newtonian liquid (n = 1) is exponential (Table I) and,
therefore, is faster than the power-law spreading.
The spreading time of the Wenzel droplet of non-
Newtonian shear-thinning liquids with n < 1 becomes
even finite. Furthermore, the spreading behavior is di-
vided into three categories according to the magnitude of
the power-law exponent n as shown in Fig. 6. The con-
tact angle θ approaches 0◦ linearly when n = 0.5. It de-
creases gradually when n > 0.5 and it decreases suddenly
near the terminal time t0 when n < 0.5 (Fig. 6(a)). Cor-
respondingly, the spreading velocity U is constant when
n = 0.5, and it decelerates and approaches 0 as t → t0
when n > 0.5. In contrast, the spreading velocity ac-
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FIG. 6. (a) The evolution of the dynamic contact angle θ of
the Wenzel droplet of non-Newtonian shear-thinning liquids
with n < 1 on a spherical rough substrate as a function of
time t. The contact angle vanishes at the terminal time t0.
When n = 0.5, the contact angle decreases linearly with time.
The contact angle decreases gradually when n > 0.5, while it
decreases suddenly near the terminal time t0 when n < 0.5.
(b) The spreading velocity U ∝ −θ˙ as a function of time. The
velocity is constant when n = 0.5. It accelerates and diverges
at t0 when n < 0.5 , while it decelerates and vanishes at t0
when n > 0.5.
celerates and diverges U → ∞ as t → t0 when n < 0.5
(Fig. 6(b))
In addition to the topology driven wetting [48, 49] on
a spherical substrate, all those results summarized in
Table I reveal the diversity of topography and topology
driven spreading behavior of cap-shaped droplets on a
flat and a spherical rough substrate.
Although there exists a wealth of experimental data of
spreading of Newtonian as well as non-Newtonian liquids
on a flat smooth substrate [3, 23, 25] the experimental
data on a flat rough substrate are scarce [34, 35, 50–
52]. Furthermore, previous experimental works on a flat
rough substrate pay most attention to imbibition [2, 37–
40] rather than spreading. The problem of spreading
on a spherical substrate has attracted almost no atten-
tion so far except for a few experimental attempts on a
smooth [53–56] and a rough spherical substrate [57]. For
example, Byon et al. [57] used nanostructured superhy-
drophilic Cu spheres whose diameter is about 1 to 2 mm,
and studied the drag reduction. It will be possible to
use similar nanostructured spheres to study the wetting
and spreading using various types of shear-thinning and
shear-thickening non-Newtonian liquids [23, 25]. Then, it
will be possible to confirm the various scenario of topog-
raphy and topolpgy driven spreading presented in Tab. I.
IV. CONCLUSION
In the present study, we considered the problem of
spreading of a cap-shaped spherical droplet of non-
Newtonian liquids on a flat and a spherical rough sub-
strate using the energy balance approach. The Wen-
zel [16] and the Cassie-Baxter [17] model are adopted
to define the equilibrium contact angle on a rough sub-
strate. Only the viscous dissipation within the droplet is
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considered, and the dissipation within the texture of the
rough substrate [37–39] is neglected. The viscous dissi-
pation is calculated using the cone-shaped model [25, 35]
on a flat substrate and the crater-shaped model [11] on
a spherical substrate. We derive various scaling laws for
the time evolution of the dynamic contact angle similar
to the Tanner’s law [6] when the substrate is completely
wettable.
The scaling exponents of the Wenzel model are differ-
ent from those of the Cassie-Baxter model by the dif-
ference of topography of the substrate. Likewise, the ex-
ponents on a flat and those on a spherical substrate are
different by the difference of topology of the substrate.
The scaling exponents are determined from the power-
law exponent of non-Newtonian liquids. The spreading
of Newtonian liquids and non-Newtonian shear-thinning
liquids of the Wenzel model on a spherical substrate
are exceptional, and does not follow the power-law. In-
stead, the evolution of the contact angle of Newtonian
liquids follows the exponential relaxation, and that of
non-Newtonian shear-thinning liquids finishes within a
finite time. The spreading of the Wenzel droplet is faster
than that of the Cassie droplet on the same flat or spher-
ical substrate due to the topography of the substrate.
Similarly, the spreading on a spherical substrate is faster
than that on a flat substrate for the Wenzel or the Cassie
droplet due to the topology of the substrate. The to-
pography and topology driven spreading is fastest for the
Wenzel droplet of shear-thinning liquid on a spherical
substrate. Although we did not include the line tension
effect since its nature on rough substrates is largely un-
known and would be the issue of debate, it is easy to
inclusion the line tension effect into our present formu-
lation [10, 11, 46]. The inclusion of line tension will fur-
ther increase the variety of the topography and topology
driven spreading scenario.
There has been a very few experiment of wetting and
spreading on a flat rough substrate [2, 34, 50–52]. The
number of experimental work of wetting and spread-
ing on a spherical smooth substrate [10, 11, 48, 49] is
very limited [53–56]. There seems no experimental work
of spreading on a spherical rough substrate. The ex-
perimental verification of our theoretical predictions is
highly desired and urgent. The theoretical results pre-
sented in this paper together with those future experi-
mental results would be valuable to design and develop
new nano-materials, nano-devices and new engineering
applications.
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